REDUCED STEENROD OPERATIONS AND RESOLUTION OF 

SINGULARITIES 
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Abstract. We give a new construction of a weak form of Steenrod operations 
for Chow groups modulo a prime number p for a certain class of varieties. This 
class contains projective homogeneous varieties which are either split or over a 
field admitting some form of resolution of singularities, for example any field of 
characteristic not p. These reduced Steenrod operations are sufficient for some 
applications to the theory of quadratic forms. 
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Introduction 

The Steenrod operations have first been introduced in algebraic topology, in 
the late forties. These are operations on the modulo p cohomology of topological 
spaces. Steenrod, Serre, Borel and others used them to prove results in algebraic 
topology, especially obstructions to the existence of bundles and maps. These 
operations have been later used in a different way, in the context of the Adams 
spectral sequence or of the Sullivan conjecture. 
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Fifty years after Steenrod original construction, the operations appeared in alge- 
braic geometry, and were quickly used to study projective homogeneous varieties, 
or by Voevodsky to prove the Milnor (and Bloch-Kato) conjecture. 

Unfortunately, there is no construction of Steenrod operations modulo p which 
works over a field of characteristic p. As a result, many important questions re- 
garding projective homogeneous varieties remain open for certain values of the 
characteristic of the base field. For example, some of deepest theorems on qua- 
dratic forms are unknown when the base field has characteristic two. 

Constructions of Steenrod operations for Chow groups modulo a prime number 
p are described in the papers |B oi08[ IBro03[ IEKM08[ IVoe03j . They all involve 
considering the action of the cyclic group of order p on the product of p copies of a 
given scheme, as did the original construction of Steenrod. This kind of approach 
fails over a field of characteristic p. 

Over a field of characteristic zero, Steenrod operations may be constructed using 
techniques related to algebraic cobordism, as in |Lev07j . As explained in |LM07l 
Remark 1.2.20] or |LP09t § 2.7], both resolution of singularities and the weak fac- 
torization theorem of |AKMW02] are needed to compute the cobordism ring of a 
point, and to prove the expected universality property of the Chow group among 
theories whose formal group law is additive. This accounts for the restriction to 
base fields of characteristic zero. 

When A is a projective homogeneous variety over a field F (under a semi-simple 
algebraic group), and F/F a field extension splitting A, the subgroup of the Chow 
group modulo p of A x Spec ( F ) Spec(F) which consists of the cycles defined over 
F is the reduced Chow group of A. A weak version of Steenrod operations, when 
they exist, are the reduced Steenrod operations, that is, the operations induced at 
the level of reduced Chow groups. 

Steenrod operations have been used as mean of producing new algebraic cycles, 
especially on the square of a given projective homogeneous variety, thus providing 
a motivic decomposition of this variety. Thanks to the Rost nilpotence theorem, 
the same result can be achieved using only reduced Steenrod operations. For 
example, it is explained in [Hau] that reduced Steenrod operations are sufficient 
to prove statements such as Hoffmann's Conjecture on the possible values of the 
first Witt index of quadratic forms. However some subtler results do not seem to 
follow from the existence of reduced Steenrod operations, for example the clas- 
sical degree formula and its consequences, or [Ros06j Theorem 9.1] about Rost 
correspondences. 
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One of the purposes of this paper is to show that, in order to construct reduced 
Steenrod operations, one does not need the weak factorization theorem, nor any 
explicit restriction on the characteristic of the base field. This contrasts with all 
known constructions of these operations. We still need some kind of desingular- 
ization procedure (a pro-p version of resolution of singularities suffices). 

Given a split projective homogeneous variety over an arbitrary field, we build 
homological Steenrod operations on the Chow group (modulo a prime integer p) of 
the variety, satisfying the expected functoriality properties. Of course, one wants 
rather to study non-split projective homogeneous varieties, and one cannot expect 
to derive deep results from this construction. However this reduces the question 
of constructing reduced Steenrod operations to the question of showing that a 
certain well-defined operation on the Chow group of a projective homogeneous 
variety, with scalars extended to a splitting field, preserves rationality of cycles. 
This suggests that constructing the reduced form of Steenrod operations might 
be easier in general. 

If the base field admits p-resolution of singularities (Definition 15. 5p . we show 
that the homological Steenrod operations that we have constructed over a split- 
ting field send rational cycles to rational cycles. Therefore we get the reduced 
Steenrod operations. 

In 1966, Atiyah published a paper, |Ati66], where Adams operations are recon- 
structed using equivariant i^-theory, following a pattern very similar to Steenrod 
construction of its operations. When a finite CW-complex has no torsion in its 
singular cohomology, then the latter coincides with the graded group associated 
with the skeletal filtration in K-theory. Atiyah explains how to recover Steenrod 
operations in cohomology from Adams operations in i^-theory, under this (very 
restrictive) assumption of absence of torsion. 

The basic idea of the present paper is to translate some of Atiyah's constructions 
for topological i^-theory of finite CW-complexes to the setting of algebraic geom- 
etry. Adams operations are defined on the (cohomological) i^-theory of vector 
bundles, and the topological filtration on the (homological) .fT-theory of coherent 
sheaves. But the two theories coincide on regular schemes, and interesting phe- 
nomena can be expected to happen from the interaction of these two notions. A 
precise statement is given in Theorem 16.21 

We believe that Section @] can provide good preview of the techniques used here. 
Some divisibilities of characteristic numbers (for example the fact that the Segre 
number of a smooth projective variety is divisible by two) are usually established 
using Steenrod operations. We show in this section how these divisibilities follow 
from the Adams-Riemann-Roch theorem, therefore proving them over fields of 
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arbitrary characteristic. 

In the last section, we explain how the results obtained here can be used to 
prove a degree formula. This generalizes a formula of [Z ailO] . when the base field 
admits p-resolution of singularities. It is quite surprising that we can recover this 
formula, since |ZailO] uses in an essential way the non-reduced Steenrod opera- 
tions, via Rost's degree formula. 

Acknowledgements. This work is part of my Ph.D. thesis, defended in Decem- 
ber 2009 at the university of Paris 6, under the direction of Nikita Karpenko. I 
would like to thank him for his guidance during this work. 

The idea, crucial in this work, of transposing Atiyah's results as explained 
above, has been suggested by Fabien Morel. 

I am grateful to the referee for his comments, especially those concerning the 
historical background of the subject of this paper, which have been incorporated 
in the introduction. 

1. Notations 

The letter p will denote a prime integer, unless otherwise specified. When a is 
a rational number, the integer [a] is defined as the greatest integer < a. 

If F is a functor from a category C to the category of commutative rings, we 
denote by F x the induced functor with values in the category of abelian groups, 
where for an object C G C, the group F X (C) is the multiplicative group of the 
ring F(C). 

Varieties. A variety is a separated quasi-projective scheme of finite type over a 
field, which need not be irreducible nor reduced. All schemes considered here will 
be assumed to be varieties. A regular variety is a variety whose local rings are all 
regular local rings. 

A local complete intersection morphism f: X — )> Y is a morphism which can 
be factored clS db TQ gular closed embedding c, followed by a smooth morphism s. 
If c has normal bundle N c , and s has tangent bundle T s , then the virtual tangent 
bundle of / is defined as T f = c*[T s ] - [N c ] G K°(X). 

By point we shall denote the spectrum of the base field. We say that a variety 
A is a local complete intersection when its structural morphism x: X — > point 
is a local complete intersection morphism. Its virtual tangent bundle Tx is the 
virtual tangent bundle of x. 

Grothendieck group of coherent sheaves. Let A be a variety. We shall write 
Kq(X) for the Grothendieck group of coherent Ox-sheaves. A sheaf T has a class 
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[J 7 ] G Ko(X). Projective morphisms induce push-forwards, and flat morphisms 
or regular closed embeddings induce pull-backs. 

Topological filtration. The group Kq(X) is endowed with a topological filtra- 
tion = #opO(-i) C K (X) (0) C •■■ C K (X) {dimX) = K (X). For every 
integer d, K (X)^ is the subgroup of K (X) generated by classes of coherent 
Ox-sheaves supported in dimension < d. This filtration is compatible with pro- 
jective push-forwards and pull-backs along flat morphisms or regular closed em- 
beddings ( |Gil05[ Theorem 83]). The associated graded group shall be denoted 

bygr.^ (X). 

Grothendieck ring of vector bundles. For a variety X, we shall write K°(X) 
for its Grothendieck ring of vector bundles. A vector bundle £ on X has a class 
[S] G K°(X). An arbitrary morphism of varieties f:X^Y induces a pull-back 
homomorphism /*: K°(Y) — > K°(X). 

The ring K°(X) acts on K (X), and the map K °(X) - » K (X),x ^ x ■ [O x \ 
is an isomorphism when the variety X is regular ( |FL85l Chapter VI, Proposi- 
tion 3.1]). We shall therefore sometimes identify the two Grothendieck groups for 
regular varieties. 

When X is connected, K°(X) is equipped with an augmentation 

rank: K°(X) -> Z. 



Gamma filtration. The group K°(X) is endowed with the gamma filtration 
... c F fc+i^0( X ) c F k K °(X) C ••• C F°K°(X) = K°(X). We have f [FL85l 
Chapter V, Corollary 3.10]) 

(1) F* imX+l K°(X) = 0. 

The gamma filtration is compatible with pull-backs, products, and we have 

(2) F* K°(X) ■ K (X) (n) C K (X) {n _ k) . 

We shall write gr*K°(X) for the associated graded ring. It acts on the graded 
group gr,K {X). 

Chern classes. The presheaves K° and gr 7 K° are equipped with Chern classes 
(see [Kar98l § 2] where the category of smooth varieties is considered; the same 
construction works for the category of arbitrary varieties). We shall use the fol- 
lowing formula for the first Chern class of a line bundle C on a variety X (the 
sheaf £ v being the dual of C) : 

Cl [£}=c l (£) = l-[jC?}eK°(X). 
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This element belongs to F^K°(X), hence is nilpotent by ([1]). 

2. Bott's Class 

Let £ be a line bundle on a variety X. The element 

1 + [C]- 1 + ■ • ■ + [C] 1 -* = p- Cl (£ 01 ) diC®^) 

is invertible as an element of TL\Yjp\ <g> K°(X). Using the Chern classes and the 
splitting principle, we see that there is a unique morphism of presheaves of groups 

6 P : K° -+ (Z[l/p}®K°) x 

satisfying, for any line bundle £, the formula 



e p [C] = i + [C]- 1 + ••• + [£] 



Cl (£) 

In the terminology of |Pan04] . # p is the inverse Todd genus of the p-th Adams 
operation. 

We also consider the unique morphism of presheaves of groups 



w 

satisfying, for any line bundle C, the formula 

(3) w^[C] = (-c 1 (C)) p - 1 + l. 

Note that this is — up to a sign — the total Chern class homomorphism when 
p = 2. The grading on gr^K allows us to define individual components 

wl p : K°^gv k ^K°. 

Finally, using the Chern classes q with values in Chow groups, we can consider 
the unique morphism of presheaves of groups 

w CH,p. R _^ Aut ( CH ) 

satisfying w CH,:P [£] = ( — ci(C)) P 1 + id, and individual components w^ u,p with 
values in Hom(CH., CH._k( P -i))- 

If x G K°(X), we shall sometimes denote the same way the endomorphism 
w cn ' p (x) of CH(X) and the element w CH > p (x)[X] G CH(X), and similarly for 
Chern classes. 

Proposition 2.1. Let X be a connected variety, and e G K°(X). Then there 
exists elements e k G F^ (p_1) K°(X) satisfying in Z[l/p] ® K°(X) 

[ dim X I 
I P-1 J 



0P(e) = p iank(e) ~ k <8> e k . 



k=0 
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Moreover, the element can be chosen so that we have in gr^ _1 ' K°(X), 

e k = w ™( e ) mod F^ p " 1)+1 K°(X). 

Proof. It is easy to see that there exists a polynomial T p , with integral coefficients, 
such that we have, for any line bundle C\j 

P[JC] = ( - Cl {C)) p - 1 + p(l + Cl (£) ■ T p ( Cl (£))). 

The statement can then be deduced from the comparison of this formula with (J3]), 
using the splitting principle (and ((!])). □ 

3. Topological filtration and Chow group 

For every variety X, there is a homomorphism of graded groups 

<p x : CE.(X)^gT.K (X), 

sending the class of a A> dimensional closed subvariety Z of X to the class of its 
structure sheaf Oz modulo K (X) ( k _i^ (see |Ful98j Example 15.1.5]). We record 
here some properties of this map that will be useful in the sequel. 

Proposition 3.1. (i) If f : X — > Y is proper, then o ip x = ip Y ° /*■ 

(ii) If f ': X — > Y is a flat morphism, then f* o tp Y = fx ° /*■ 
(Hi) If f : X — > Y is a local complete intersection morphism, then f* o ip Y = 
Vx°f*- 

(iv) If X and Y are varieties over a common base field, x £ CH(X),y G CH(Y), 

we have ipxxv{x El y) = (px(x) x (p Y {y). 
(v) We have a commutative diagram 

K° — -CH 

<p 

gr 7 K° ^ gr. K 

(vi) The map (fx is surjective, its kernel consists of torsion elements. 

Proof. For @ and surjectivity in (jvi]) . see |Ful98t Example 15.1.5]. Properties (pvj) 
and (jn]) are easy to prove, and (jvj) is similar to |Kar98, Lemma 2.16]. 



We now prove ( Imj) . Let X ■=-)■ K be a regular closed embedding with normal 
bu ndle N The map a K ° : K (>") -> ^o(A^), called specialization in [Gil05[ p.283] 
or |Ful98j p. 352], respects the topological filtration, hence induces a deformation 
homomorphism a grK ° : gr. Kq(Y) — > gr. Kq(N). Similarly, there is a deformation 



1 This is precisely the place where we need p to be prime number, and not an arbitrary integer 
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homomorphism a CH : CH(F) CH(iV) (see [Ful981 §5.2], or |EKM081 §51]) 



Let Z <^-> Y be a closed embedding. The normal cone C of the induced closed 
embedding Z C\X ^ Z can be viewed as a closed subvariety of N . We claim that 

a CH [Z] = [C] and a K °[O z ] = [O c \. 

This is immediate if one uses the definitions of |Ful98] for the deformation homo- 
morphisms. Otherwise, the first formula is [EKM08j Proposition 52.7], while the 
second one can be obtained with the same proof. It follows that 

tp N o a cu [Z] = <p N [C] = [O c ] = o^ K «\O z \ = a^ K ° o <p Y [Z}. 

Since pull-backs along local complete intersection morphisms are constructed 
out of deformation homomorphisms and flat pull-backs in both theories (|Gil05, 
Proposition 86] and [EKM08, §55. A]) we see that (p is compatible with pull-backs 
along local complete intersection morphisms. This proves flu!)) . 



It remains to prove the second part of fjvTj) . which is done in |Ful98t Exam- 
ple 15.3.6] under the additional hypothesis that X is smooth. When X is arbi- 
trary, we will provide a left inverse of tpx <8> Q- 

In |Ful98| Theorem 18.3], a natural transformation 

r: K -> CH®Q 

of functors from the category of varieties and proper morphisms to the category 
of abelian groups is constructed. Consider both on K (X) and on CH(X) ® Q 
the filtration whose fc-term is generated by i*Ko(Z) and CH(Z) ® Q for all 
closed embeddings i : Z c — )• X with dim Z < k. The associated graded groups are 
gr. K (X) and CH.(X) ®Q, and since r commutes with push-forwards, it induces 
a morphism of graded abelian groups 

gr(r x ) Q : gr. K (X) ® Q -> CH.(X) ® Q. 

It is also proven in }Ful98l Theorem 18.3] that, for a closed k- dimensional subva- 
riety Z of X, we have 

r x [O z ] = [Z] mod CH <fe (X)®Q, 
hence gr(r x ) Q o (y? x ® Q) = id C H(x)®Q, as required. □ 

4. Divisibility of some characteristic numbers 

In this section we prove a result of independent interest about some characteris- 
tic numbers of varieties over an arbitrary field. This may provide some motivation 
for the sequel, see Remark 14.21 below. 
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When X is a projective variety we consider the degree morphism 



(4) 



rank 



deg: K (X) ->■ if (point) > Z 



where the first map is the push-forward along the structural morphism. Since 
the map (p : CH. — > gr. K Q is compatible with proper push-forwards (Proposi- 
tion EIE1 ©), and respects the isomorphisms K (point) — > Z and CH( point) — > Z, 
we have a commutative diagram 



(5) 



CHq(X) 



fx 



gr K {X) = K (X) 



(o) 




Proposition 4.1. Let p be a prime number. Let X be a connected projective local 
complete intersection variety of positive dimension k(p — 1), with virtual tangent 
bundle Tx G K°(X). Then the degree of the class w k ' P (—Tx) is divisible by p. 

Proof. We apply the Adams Riemann-Roch theorem with denominators ( |FL85[ 
Chapter V, Theorem 7.6]) to the structural morphism X — > point. This gives a 
commutative diagram 

Zll/ ri » FC(X) : mp] 8 



deg 

Z[l/p] ■ 



■0 p =id 



deg 

Z[l/p]. 



In particular 

(6) dego0P(-T x ) = deg[O x ] G Z C Z[l/p]. 

Let if (X) be the quotient of if°(X) by its p-power torsion subgroup. Note 
that the degree map factors through K(X). We view K(X) as a subgroup of 
Z[l/p) ® if°(X). Then by Proposition Ell the element p kp ■ d p (-T x ) belongs to 
K(X), and is congruent modulo p ■ K(X) to 

t^' p (-T x ) G gr^- 1 ) if°(X) = F^" 1 ) K°(X). 

By (jSJ), since > 1, its degree has to be divisible by p. Using Proposition 13. 1[ (jvj) 



and (jSJ) , we see that deg w 
proves the claim. 



■y,P( 
k \ 



-Tx) coincides with the degree of w 



CH,p, 



—T 



This 

□ 



Remark 4.2. Under some assumptions about the characteristic of the base field, 
this lemma is well-known. More general forms have been proven using other meth- 
ods : Steenrod operations in |Mer03j and |Pan04l § 2.6.7], or algebraic cobordism 
in |Lev07j . 
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When the characteristic of the base field is p, the case p = 2 has been considered 
in |Ros08j . using the Frobenius map. 

5. Torsion-free varieties, resolution of singularities 

Torsion-free varieties. We say that a variety X is torsion-free if its Chow group 
is without torsion. 

Example 5.1. A variety whose Chow motive splits as a sum of twisted Tate 
motives is torsion-free. In particular a cellular variety is torsion-free. 

Remark 5.2. It follows from Proposition 13.11 ( TvT|) . that when X is torsion-free, 
the group gr. Kq(X) is also torsion-free, being isomorphic to CH.(X). 

We will only apply Lemma 15.31 and Proposition 15.41 for p a prime integer, but 
this assumption is not required for these two statements. 

Lemma 5.3. Let ■ • • D K n +i ^ K n D ■ • • be a filtered group such that CiiKi = 0. 
Assume that the associated graded group gr. K is without torsion. Set K = UiKi, 
and let x G K n and y G K be elements satisfying, for some non-zero integers p 
and m, the congruence 

m ■ x = mp ■ y mod K n -\. 
Then the image of x in TLjp® gr n K is zero. 

Proof. Since gr. K is a torsion-free group, it follows that if y — 0, then x G K n _i, 
and its image in the n-th graded group is zero. 

Hence we may assume y ^ 0. Let d be the integer such that y G Ka and 
y ^ Kd-i (such an integer certainly exists because y G* fljiQ = 0). Assume d > n. 
Then mp ■ y G K n C K^-i, hence mp ■ y is zero in the torsion-free group gT d K, 
which is incompatible with the choice of the integer d. Hence d < n and y G K n . 
Using the fact that gr n K has no torsion, the assertion follows. □ 

Proposition 5.4. Let X be a torsion-free variety, and p an integer. Let Uk G 
K (X)^k(p-i)) fork = 0, • • • , d and assume that there is an element G K (X) 
such that 

d 

Y^P~ k ®u k = 0e Z[l/p] (8) K (X). 

k=-l 

Then for all k = 0, • • • , d, the image of u k in TLjp ® ^d-kip-i) -^o(A) is zero. 

Proof. In view of Remark 15.21 the group gr. Kq(X) is torsion-free. Therefore 
the group Kq(X) has to be also torsion-free. We have for all k — 0, • • • , d a 
congruence, 

p d - k ■ u k = p d ' k p ■ I - P^" 1 ' Ui ) mod K o(X) {d -k( P -i)-i)- 
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We are in position to apply Lemma 15731 above, with K, = K (X)^, n = d — k(p — 
1), m = p d ~ k and x = Uk- □ 

Resolution of singularities. An alteration of an integral variety X is an integral 
variety X' with a projective generically finite morphism X' — > X, and dimX' = 
dimX. The degree of the alteration X' is the degree of the extension of function 
fields F(X')/F(X). 

Definition 5.5. Given a prime integer p, we shall say that a field F admits 
p-resolution of singularities if every integral variety X over F admits a regular 
alteration of degree prime to p. 

Remark 5.6. Ofer Gabber has proved that any field of characteristic not p admits 
p-resolution of singularities (see |Gabj ). We shall not explicitly use this result here. 

We shall say that a variety X is generated by p-regular classes, when the group 
gr. Kq(X) is generated by elements z, satisfying A • z = f*[Oz], for some (depend- 
ing on z) integer A prime to p, and some projective morphism /: Z — > X, with Z 
a local complete intersection variety. 

Example 5.7. Assume that a variety X is generated by p-regular classes. If 
7r : E — > X is a vector bundle, then E is also generated by p-regular classes. This 
is a consequence of the following statements: 

- Assuming that 7r is of constant rank e, the pull-back it*: gr 9 K (X) — > 
gr. +e K (E) is an isomorphism QGil05, Lemma 85]). 

- Let Z — » X be a projective morphism. If Z is a local complete intersection 
variety, then so is Z x x E. 

We consider the following condition on a variety X over a field F and a prime 
integer p: 

Condition 5.8. The variety X is generated by p-regular classes, and there is a 
field extension F of F such that the variety X := X x Spec ( i r)Spec(F) is torsion-free. 
We require additionally that X be generated by p-regular classes. 

We now give two examples of varieties satisfying Condition 15.81 

Example 5.9. Let X be a split projective homogeneous variety under a semi- 
simple algebraic group over an arbitrary field F. Set F = F. Then the Chow 
motive of the variety X = X splits as a sum of Tate motives by the results of 
|Koc91] , hence the variety X is torsion- free. The ring CH.(X) and gr. Kq(X) are 
then isomorphic, and using the results of |Dem74] . we see that X is generated by 
p-regular classes, for any prime integer p. 
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Example 5.10. Let X be a projective homogeneous variety under a semi-simple 
algebraic group over a field F admitting p-resolution of singularities. Let F be an 
algebraic closure of F. Then X is generated by p- regular classes. By Example 15. 9[ 
the split projective homogeneous variety X is torsion-free, and X is generated by 
p-regular classes. 

6. Adams operations and the topological filtration 

When /: X — > Y is a proper (resp. local complete intersection) morphism, we 
shall also write /* (resp. /*) for the map idz[i/ p ] <8> /* (resp. idz[i/ p ] <8> /*)■ 

Homological Adams operations. (See [Sou85, Theoreme 7]) These are opera- 
tions 

K ^Z[l/p]®K 

commuting with proper push-forwards, external products, and satisfying the for- 
mula, for / : X — Y Y a local complete intersection morphism with virtual tangent 
bundle Tf G K°(X), 

(7) i)p°r = O p (-T f )of*oi/; p . 

In addition, ip p : A" (point) — > Z[l/p] <g> i^o (point) is the inclusion Z C Z[l/p\. 

These operations are constructed as follows. Let X be variety. We choose an 
embedding j : X ^ M in a regular variety M. Then we write iT^-(M) for the 
Grothendieck group of bounded complexes of locally free (9.M-modules acyclic off 
X, modulo the subgroup generated by acyclic complexes. One can then construct 
ap-th Adams operation "with supports" ip p : K\(M) — > K\(M). Note that while 
the construction of this operation is not completely immediate in general (see for 
example [GS871 Chapters 3 and 4]), the situation becomes considerably simpler 
over fields of characteristic p, thanks to the Frobenius morphism. 

There is a cap product n : K^(M)® K (M) — > K (X), which induces an isomor- 
phism - n [O m ] : K° X (M) ->• K (X) because M is regular f [GS87l Lemma 1.9]). 

Now let x G K (X), and y G K° X (M) the element such that y n [O m ] = x. Let 
Tm G K°(M) be the virtual tangent bundle of M, and set 

(8) M*) = PH m TM)'(iir(y)n[O u )). 

Using the Riemann-Roch theorem for the Adams operation with supports, one 
can check that the value of tp p (x) does not depend on the choices of j and M. See 
|HaulOl Proposition 2.8] for a detailed proof of the formula ([7]). 

We now record a property of the homological Adams operation. 
Lemma 6.1. Let X be a variety and x G K (X)^. Then we have 
i) p (x) =p~ d ®x mod Z[l/p] <g> K Q (X) {d ^ x) . 
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Proof. First, using the linearity of ip p and its compatibility with push- forwards 
along closed embeddings, we reduce the question to the [Ox], and X an 

integral variety of dimension d. 

Let s: S X be the reduced closed subvariety of X, whose points are those 
y G X such that the local ring Ox, y is not a regular local ring. Let u: U — >■ X 
be the open complementary subscheme — the scheme U is a regular variety. We 
have the localization sequence 

Z[l/p] <g> K {S) ^ Z[l/p] <g> K (X) ^ Z[l/p] ® K (U) -)• 0. 

Moreover the map Z[l/p] <g> ifo(^)(d-i) ® i^o(^)(rf-i) is surjective, and 

o m* = u* o ip p by (j7]). Therefore we can replace X by U, and assume that X 
is a regular variety. 

In this situation, because of (j7]), we have = 9 P (—T X ) ■ [Ox]- Writing T x 

as [E] — [F] for some vector bundles E and F over X, we take an open non-empty 
subvariety v. V — > X, where both E and F are free. We get 

v*oiP p (x) = v*o6 p (-T x ) 
= e p ov*(-T x ) 
= 9 p (mnk(-T x )-[O v ]) 

= e p {-d-[o v ]) 

= (\o v f + --- + [o v ] l - p y d 

= P - d ® [O v ] 

= v*(p~ d ®x). 

We conclude using the inclusion ker(t>*) C Z[l/p] ® l£oPO(d-i) 5 which follows 
from the localization sequence. □ 

When resolution of singularities is available, one can make a more precise state- 
ment : a consequence of Theorem 16.21 below is that, for x G K Q (X)^), the element 

p^tp^l • ipp(x) — jjp 771 ] ® x 
belongs to the image of the map Kq(X)^-i) — > Z[l/p] ® K (X). 

Atiyah's decomposition. We now state and prove the algebraic analogue of 
|Ati66t Proposition 5.6]. 

Theorem 6.2. Let X be a variety and x G Kq(X)m)- Assume that X is generated 
by p-regular classes. Then we may find elements x^ G K (X)^-k(p-i)) such that 
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we have in Z[l/p] ® -ft'o(^) 

[i*x] 

fc=0 

Moreover, one can choose xq so that x = xq mod i£oPO(d-i)- 

Proof. The group i£oPO(d) is additively generated by the subgroup Ko(X)^-i) 
and elements z satisfying A • z — f*[O z ), for some local complete intersection d- 
dimensional variety Z, some projective morphism /: Z — > X, and some prime to 
p integer A. Reasoning by induction on d, we see that it will be enough to prove 
the statement for elements X — Z clS above. We have, using ([7j) and Proposition ^. II 

\-M*)=i>P o f*[°z]=f.oi, p [Oz]=f*{0 p (-T Z )-[o z ]) = 5>-*- fc ® /*(**), 

fc=0 

the element z^ being a lifting of w1' p (—T z ) ■ [O z ] to K (Z), for every k. Thus by 
(j2j), the element f*(zk) belongs to K (X)^-k( P -i)), for every fc. 

Using Lemma EIH we find an integer n > d, and a G ifo(-X")(d-i) such that 
^p(^) — P _cl <8> 2 + p _n (8) Pick integers u and u such that Am = 1 — p n ~ d v. Then 
we have in the group 1i[l/p] <8> Kq{X) 

tpp(z) = u\ ■ ij; p (z) + p n ~ d v ■ tpp(z) 

fe=l 

Then we set x = m • f*(z ) + t> • (p n ~ d z + a) and x^ = u ■ for > 1. This 

proves the formula. 

Now we have 

£o = « • f*(zo) + vp n ~ d ■ z mod K (X)( d _i) 

= uX ■ z + vp n ~ d ■ z mod K (X)(d-i) 

= z mod K (^)(d-i) 
This proves the statement about the choice of xq. □ 

7. Steenrod operations on reduced Chow groups 

In this section X, F, F will be data satisfying Condition 15.81 We write Ch = 
Z/p <8> CH for the Chow group modulo p, and consider the reduced Chow group 
modulo p 

Ch(X) := im ( Ch(X) -)- Ch(X)) , 
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the image of the pull-back along the scalars extension morphism X — > X. For 
an element y G Kq(X), we shall denote by y its image in Kq(X). Similarly, we 
consider the group 

G(X) = im (Z/p <g> gr. K (X) -> Z/p ® gr. K (X)). 

We have a commutative diagram 

Ch.(X) ^ Z/p ® gr. K (X) 

" 

Ch.(X) - Z/p ® gr. tfopQ. 

There is an induced morphism Ch(X) — >• G(X), which is both injective, as a 
restriction of the isomorphism idz/ P ® y?x (Reniark 15.21) . and surjective, because 
idz/p ® fx is so (Proposition 13.11 (jvi]) ). 

We now construct operations G(X) — > Let <i be an integer and x G 

iT (X)((i). Choose elements G lfo(^0(d-fc(p-i))> for = 0, • • • , [d/(p — 1)], as in 
Theorem 16.21 Their images in Z/p <S>gv t Ko(X) do not depend on the choice of 
the elements Xk, by Proposition 15.41 applied with Uk = Xk and u_i = 0. 

If x G Ko(X)^-i)j then consider elements x' k G i£oPO(d-i-fc(p-i)) associated 
with x by Theorem I6.2[ for the variety X. It follows from Proposition 15.41 (applied 
with U-i = 0) that each element Uk = p ■ x' k — xl~ has image zero in Z/p ® 
S r (i-fc(p-i) ^oPO- Since p ■ x' k is zero in this group, we see that the element Xk has 
also image zero in Z/p ® gr d _ k ( p -i) K Q (X). 

Similarly, if x is divisible by p in K Q (X)^), we see that each element Xk has also 
image zero in Z/p ® gr d _ fc(p _ 1) iT (X). 

We have proven that the association x i— > x^ induces an endomorphism of 
the group G(X) which lowers the degree by k(p — 1). Using the identification 
with reduced Chow groups modulo p obtained above, we get reduced Steenrod 
operations 

Sf: Ch.(X)^Ch._ fc(p _ 1) (X). 

—X —X 

We shall denote by S = J2k the total operation. We prove now some of the 
expected properties of this operation. 

Proposition 7.1. Let X and Y be varieties over a field F, satisfying Condi- 
tion \5.8\ . 

(a) Let f : X -^-Y be a proper morphism. Then /* o S = S o 
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(b) Let f ': X — ^ Y be a local complete intersection morphism, with virtual tangent 

bundle T f e K°{X). Then f of = w CR > p {-T f ) ofof. 

x x y — x Y 

(c) Assume that X xY satisfies Condition \5.8l We have S = S x S . 

Proof. These statements are consequences of the corresponding statements for the 
homological Adams operation and Proposition l3.lt in addition Proposition ^. H and 
(j7|) are used to prove (jb]). □ 

Proposition 7.2. Let X be a variety satisfying Condition \5.8\ . Then 

Proof. This is a consequence of the last part of Theorem 16.21 □ 

When the data X, F, F satisfy Condition 15. 8[ and additionally X is a local 
complete intersection variety, with virtual tangent bundle T x G K°(X), we de- 
fine the total cohomological reduced Steenrod operation by the formula Sx = 
w CR ' p (Tx) o S .Its k-th individual component S x lowers dimension by k{p — 1). 

Proposition 7.3. Let X and Y be local complete intersection varieties over a 
field F, both satisfying Condition \5.8[ Then 

(e) If X is smooth over F , then the map Sx is a ring homomorphism. 

(f) Let f : X — >■ Y be a local complete intersection morphism. Then Sx ° /* = 

foSy. 

(g) Let f ': X — > Y be a proper morphism, and set Tf = Tx — f*Ty e K°(X). 
Then S Y o /, = /„ o w CH > p (-T f ) o S x . 

(h) Assume that X xY satisfies Condition \5.S\ Then SxxY — x Sy. 

(i) We haveS^x = idcE ( x)- 

Proof. Statement ()fj) follows from Proposition 17. 1[ (jb]), Statement ([h]) follows from 
Proposition 17.11 (jnj), and Statement (jgj) follows from Proposition 17.11 (|aj). 

Concerning (jgj), compatibility with products follows from the combination of 
(jfj) and (jh|), and compatibility with unities follows from Proposition 17.21 applied 
with X = point, and (jfj). 

Finally @ follows from the fact that u>o H ' p (Tx) = id, and Proposition 17.21 □ 

Proposition 7.4. Let X be a smooth connected variety satisfying Condition \5.S\ 
and x G Ch 9 (X). Then S^(x) = x p , and S x (x) = for k > q. 

Proof. Choose y G K (X)^ diTn x~ q ) representing x. Since X is a regular variety, 
there an element y' G K°(X) satisfying y' ■ [Ox] = y, and we have 

i®{r(y')-[Ox}) = e p (T x )^M- 
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Using Proposition 12.11 and Theorem 16. 2\ we find elements ij G F^ p 1 ^K°(X) 
and yj- G K (X)(^ mX -q-j(p-i)) such that 



r dim X 1 [dimX-£] 
p-1 J [ P-1 



1 ® • [Ox]) = ( ^ p^X-i p 9-dimX-i ^ ^ 



i=0 3=0 



[ dim X I 
I P-1 J 



= ^2 P q k ®Zk with z k = ^2 U- yj. 

k=0 i+j=k 

Note that z k G i^o(-X")(dimX-g-fc(p-i)) by d2J). It follows from Lemma 1731 below 
and Proposition 15.41 that the element z q — y p (resp. z k for k > q) has image zero 
in Z/p <g) gT dimX - qP K (X) (resp. Z/p ® gr dimX -q-k(p-i) K (T). 

Now the element yj (resp. ti • [C?x]) nas image S^- (x) (resp. to^ H ' p (Tx)) in 
Chpf), hence has image S x (x). The statement follows. □ 

Lemma 7.5. LetX be a variety, andx G i^°(X). Thenijj p (x) = x p mod pX°(X) 

Proof. The maps ^ p and x i— >• x p are linear modulo p, compatible with pull-backs, 
and coincide on the classes of line bundles by the very definition of the Adams 
operation. We conclude using the splitting principle. □ 

Remark 7.6. We need to resolve singularities on the varieties corresponding to 
the prime cycles to which we want to apply the Steenrod operations. When the 
base field is differentially finite over a perfect subfield, but does not necessarily 
admit p-resolution of singularities, one can still resolve singularities of low dimen- 
sional varieties by the results of [CP08t ICP09] . It follows that, when the integer 
p is small enough (p = 2 or 3) and X is a projective homogeneous variety of arbi- 
trary dimension over a field as above, the method presented here can be used to 
construct operations on low dimensional cycles modulo p (namely the operations 
Chi(X) -> Ch i _ fe(p _i ) (X) for i < 3 and k(p - 1) < i). 



8. A DEGREE FORMULA 

Theorem 8.1. Let X be a projective variety, generated by p-regular classes. Let 
x G K Q (X)(d)- Then X possesses a zero-cycle of degree 

\ ■ p[~] ■ deg(x), 

for some integer A prime to p. (See (]1J) for a definition of the map deg.) 
Proof. By induction on d, the case d = following from (J5]). 
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Assume that the statement holds when d < e, and take x £ Ko(X)( e y By 
Theorem 16. 2\ we find elements x^ £ K (X)^k(p-i)) satisfying 

[^] 

fc=0 

Then applying the degree map deg: Z[l/p] <8> i^oPO — )■ Z[l/p], 

(p e — 1) deg(x) = p e deg oip p (x) — deg(x) = deg(x — x) + p~ k deg(xfc). 

fc=i 

Since Xo — x £ ^o(^)(e-i)> we know by induction hypothesis that there is a cycle 

c £ Z( p ) <g> CH (X) whose degree is pb^iJ deg(x — x). Similarly there is, for 

every k > 1, a cycle £ Z( p ) £g> CH (X) whose degree is pt^]"' deg(xfc). Then 
(p e — • (co + ■ • • + c [^]) * s an element of Z( p ) <g) CH (X) whose degree is 

ptp^r] deg(x). This concludes the proof. □ 
When X is a projective variety over a field F, we denote by 
x(O x ) = deg[O x ] = ^2(-l) i dim F H i (X,O x ) 

i>0 

the Euler characteristic of the structure sheaf of X. 

The following statement is the p-primary version of [ZailOj Theorem 4.4] (but 
we also prove it for singular varieties). 

Proposition 8.2. Let f : X — > Y be a projective morphism of integral varieties of 
dimension d. Define an integer deg / as the degree of the map f if it is generically 
finite, or zero otherwise. Assume that Y is projective and generated by p-regular 
classes. Then Y possesses a zero-cycle of degree 

X-p^(x(Ox)-(degf)- X (0 Y )), 
for some integer A prime to p. 

Proof. There is an element 5 £ Kq(X)^-i) such that we have in Kq{Y) the equa- 
tion U[O x ] = (deg/) ■ [O y ] + 5. Then 

X (O x ) = deg[O x ] = dego f,[O x ] = (deg/) • X (Oy) + deg(5). 

r d-i i 

Using Theorem 18. 1[ we see that the integer pLp-iJ • deg(5) is the degree of an 
element of Z( p ) <g> CH (F), as requested. □ 



REDUCED STEENROD OPERATIONS AND RESOLUTION OF SINGULARITIES 19 



References 



[AKMW02] Dan Abramovich, Kalle Karu, Kenji Matsuki, and Jarosiaw Wlodarczyk. Torifi- 
cation and factorization of birational maps. J. Amer. Math. Soc, 15(3):531-572 
(electronic), 2002. 

[Ati66] Michael F. Atiyah. Power operations in if-theory. Quart. J. Math. Oxford Ser. (2), 
17:165-193, 1966. 

[Boi08] Alex Boisvert. A new definition of the Steenrod operations in algebraic geometry. 
preprint, 2008. larTiv : 0805 . 14141 

[Bro03] Patrick Brosnan. Steenrod operations in Chow theory. Trans. Amer. Math. Soc, 
355 (5): 1869-1903 (electronic), 2003. 

[CP08] Vincent Cossart and Olivier Piltant. Resolution of singularities of threefolds in 
positive characteristic. I. Reduction to local uniformization on Artin-Schreier and 
purely inseparable coverings. J. Algebra, 320(3):1051-1082, 2008. 

[CP09] Vincent Cossart and Olivier Piltant. Resolution of singularities of threefolds in 
positive characteristic II. J. Algebra, 321(7):1836 - 1976, 2009. 

[Dem74] Michel Demazure. Desingularisation des varietes de Schubert generalisees. Ann. 

Sci. Ecole Norm. Sup. (4), 7:53-88, 1974. Collection of articles dedicated to Henri 
Cartan on the occasion of his 70th birthday, I. 

[EKM08] Richard Elman, Nikita Karpenko, and Alexander Merkurjev. The algebraic and 
geometric theory of quadratic forms, volume 56 of American Mathematical Society 
Colloquium Publications. American Mathematical Society, Providence, RI, 2008. 

[FL85] William Fulton and Serge Lang. Riemann-Roch algebra, volume 277 of Grundlehren 
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sci- 
ences]. Springer- Verlag, New York, 1985. 

[Ful98] William Fulton. Intersection theory, volume 2 of Ergebnisse der Mathematik und 
ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results 
in Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in 
Mathematics]. Springer- Verlag, Berlin, second edition, 1998. 

[Gab] Ofer Gabber. Finiteness theorems in etale cohomology. Ab- 

stract of a talk given at the IHES on January 12, 2009. 
|http : //www . ihes . f r/document?id=1713&id_attr ibute=48 

[Gil05] Henri Gillet. if-theory and intersection theory. In Handbook of K -theory. Vol. 1, 
2, pages 235-293. Springer, Berlin, 2005. 

[GS87] Henri Gillet and Christophe Soule. Intersection theory using Adams operations. 
Invent. Math., 90(2):243-277, 1987. 

[Hau] Olivier Haution. On the first Steenrod square for Chow groups. Amer. J. Math., to 

appear. |http : / / www . math . uiuc . edu/K- theory? 0945/ 

[HaulO] Olivier Haution. Duality and the topological filtration, preprint, 2010. 
larXiv: 1006. 14821 

[Kar98] Nikita A. Karpenko. Codimension 2 cycles on Severi-Brauer varieties. K -Theory, 
13(4):305-330, 1998. 

[K6c91] Bernhard Kock. Chow motif and higher Chow theory of G/P. Manuscripta Math., 
70(4):363-372, 1991. 

[Lev07] Marc Levine. Steenrod operations, degree formulas and algebraic cobordism. Pure 
Appl. Math. Q., 3(l):283-306, 2007. 



20 



OLIVIER HAUTION 



[LM07] Marc Levine and Fabien Morel. Algebraic cobordism. Springer Monographs in Math- 
ematics. Springer, Berlin, 2007. 

[LP09] Marc Levine and Rahul Pandharipande. Algebraic cobordism revisited. Invent. 
Math., 176(1):63-130, 2009. 

[Mer03] Alexander Merkurjev. Steenrod operations and degree formulas. J. Reine Angew. 
Math., 565:13-26, 2003. 

[Pan04] Ivan Panin. Riemann-Roch theorems for oriented cohomology. In Axiomatic, en- 
riched and motivic homotopy theory, volume 131 of NATO Sci. Ser. II Math. Phys. 
Chem., pages 261-333. Kluwer Acad. PubL, Dordrecht, 2004. 

[Ros06] Markus Rost. On the basic correspondence of a splitting variety, preprint, 2006. 
|http : //www . math . uni-bielef eld . de/~rost/basic-corr. html. 

[Ros08] Markus Rost. On Frobenius, if -theory, and characteristic numbers, preprint, 2008. 
http : //www. math. uni-bielef eld. de/ -rost /frobenius .html. 

[Sou85] Christophe Soule. Operations en if-theorie algebrique. Canad. J. Math., 37(3):488- 
550, 1985. 

[Voe03] Vladimir Voevodsky. Reduced power operations in motivic cohomology. Publ. Math. 

Inst. Hautes Etudes Sci., (98): 1-57, 2003. 
[ZailO] Kirill Zainoulline. Degree formula for connective K-theory. Invent. Math., 
179(3):507-522, 2010. 
E-mail address: olivier.haution@gmail.com 



School of Mathematical Sciences, University of Nottingham, University Park, 
Nottingham, NG7 2RD, United Kingdom 



